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Abstract
We find that quantum teleportation, using the thermally entangled
state of two-qubit Heisenberg XX chain as a resource, with fidelity better
than any classical communication protocol is possible. However, a thermal
state with a greater amount of thermal entanglement does not necessarily
yield better fidelity. It depends on the amount of mixing between the
separable state and maximally entangled state in the spectra of the two-
qubit Heisenberg XX model.
The linearity of quantum mechanics allows building of superposition states
of composite system SAB that cannot be written as products of states of each
subsystem (SA and SB). Such states are called entangled. States which are not
entangled are referred to as separable states. An entangled composite system
gives rise to nonlocal correlation between its subsystems that does not exist clas-
sically. This nonlocal property enables the uses of local quantum operations and
classical communication to transmit an unknown state |ψ〉 via a shared pair of
entangled particles, with fidelity better than any classical communication pro-
tocol [1, 2, 3]. The standard teleportation protocol P0 uses Bell measurements
and Pauli rotations. Standard teleportation with an arbitrary mixed state re-
source ρAB is equivalent to a generalized depolarizng channel ΛP0(ρAB) with
probabilites given by the maximally entangled components of the resource [4].
The fidelity for P0 and ρAB is defined by averaging 〈ψ| [ΛP0 (ρAB) |ψ〉〈ψ|] |ψ〉
over all possible |ψ〉. Quantum teleportation can thus serve as an operational
test of the presence and strength of entanglement in ρAB.
Recently, the presence of entanglement in condensed-matter systems at fi-
nite temperatures has been investigated by a number of authors (see, e.g., [5]
and references therein). The state of a typical condensed-matter system at ther-
mal equilibrium (temperature T ) is ρ = e−βH/Z where H is the Hamiltonian,
Z = tre−βH is the partition function, and β = 1/kT where k is Boltzmann’s
constant. The entanglement associated with the thermal state ρ is referred to as
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the thermal entanglement [6]. The bulk of these investigations concentrated on
the quantification of thermal entanglement and how this quantity changes with
temperature T and external magnetic field Bm. This leaves open the question
if thermal entanglement is useful for quantum information tasks like quantum
teleportation, which is not only relevant to quantum communication between
two distant parties but also to quantum computation. Quantum teleporta-
tion is a universal computational primitive [7]. With proposals like the one-way
quantum computer [8, 9], it is important to find out the answer to this question.
In this paper, motivated by [8, 9], we take the first step by considering quan-
tum teleportation in the two-qubit Heisenberg XX model [10]. We find that
although quantum teleportation with fidelity better than any classical commu-
nication protocol is possible, the amount of nonzero thermal entanglement does
not guarantee this. In fact, we could have a more entangled thermal state not
achieving a better fidelity than a less entangled one.
The Hamiltonain H for a two-qubit Heisenberg XX chain in an external
magnetic field Bm along the z axis is
H =
1
2
J
(
σ1A ⊗ σ
1
B + σ
2
A ⊗ σ
2
B
)
+
1
2
Bm
(
σ3A ⊗ σ
0
B + σ
0
A ⊗ σ
3
B
)
(1)
where σ0α is the identity matrix and σ
i
α(i = 1, 2, 3) are the Pauli matrices at site
α = A,B. J is real coupling constant for the spin interaction. The chain is said
to be antiferromagnetic for J > 0 and ferromagnetic for J < 0. The eigenvalues
and eigenvectors of H are given by H |00〉 = Bm|00〉, H |Ψ
±〉 = ±J |Ψ±〉 and
H |11〉 = −Bm|11〉, where |Ψ
±〉 = 1√
2
(|01〉±|10〉). For the system in equilibrium
at temperature T , the density operator is
ρAB =
1
Z
[
e−βBm |00〉〈00|+ e−βJ |Ψ+〉〈Ψ+|+ eβJ |Ψ−〉〈Ψ−|+ eβBm |11〉〈11|
]
(2)
where the partition function Z = 2 coshβBm + 2 coshβJ , the Boltzmann’s
constant k ≡ 1 from hereon and β = 1/T . To quantify the amount of en-
tanglement associated with ρAB, we consider the concurrence [11, 12], C =
max{λ1 − λ2 − λ3 − λ4, 0} where λk(k = 1, 2, 3, 4) are the square roots of the
eigenvalues in decreasing order of magnitude of the spin-flipped density matrix
operator R = ρAB(σ
2 ⊗ σ2)ρ∗AB(σ
2 ⊗ σ2), where the asterisk indicates complex
conjugation. After some straightforward algebra, the thermal concurrence is
C(ρAB) = max
{
| sinhβJ | − 1
coshβBm + coshβJ
, 0
}
(3)
The concurrence is invariant under the substitutions Bm → −Bm and J → −J .
The latter indicates that the entanglement is the same for the antiferromagnetic
and ferromagnetic cases. We thus restrict our considerations to Bm > 0 and
J > 0. Notice that the critical temperature Tcritical ≈ 1.13459J , beyond which
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the thermal concurrence is zero, is independent of the magnetic field Bm.
Now we look at the standard teleportation protocol P0, using the above
two qubit mixed state ρAB as a resource. We consider as input a qubit in an
arbitrary pure state |ψ〉 = cos θ2 |00〉 + e
iφ sin θ2 |11〉 (0 ≤ θ ≤ pi, 0 ≤ φ ≤ 2pi).
The output state is then given by [4],
ΛP0(ρAB)|ψ〉〈ψ| =
3∑
j=0
tr(EjρAB)σ
j
A|ψ〉〈ψ|σ
j
A (4)
where E0 = |Ψ−〉〈Ψ−|, E1 = |Φ−〉〈Φ−|, E2 = |Φ+〉〈Φ+|, E3 = |Ψ+〉〈Ψ+|, and
|Φ±〉 = 1√
2
(|00〉+ |11〉). It follows that
〈ψ| [ΛP0 (ρAB) |ψ〉〈ψ|] |ψ〉 =
2 sin2 θ coshβBm + (3 + cos 2θ) coshβJ + 2 sin
2 θ sinhβJ
4(coshβBm + coshβJ)
(5)
and averaging over all possible input states |ψ〉 we obtain the fidelity of the
teleportation
coshβBm + 2 coshβJ + sinhβJ
3(coshβBm + coshβJ)
=
2 e
βJ
Z
+ 1
3
(6)
This is the maximal fidelity achievable from ρAB in the standard teleportation
scheme P0 [3]. In order to transmit |ψ〉 with fidelity better than any classical
communication protocol, we require (6) to be strictly greater than 23 . In other
words, we require
sinhβJ > coshβBm (7)
and hence Bm < J . The ‘critical’ temperature T
(m)
critical beyond which the perfor-
mance is worst than what classical communication protocol can offer, is clearly
dependent on the magnetic field Bm. As shown in Table I, T
(m)
critical decreases
with increase in Bm and they are all less than Tcritical ≈ 1.13459J . This means
that with increasing Bm we have an increasing range of nonzero thermal entan-
glement which is however not ‘suitable’ for quantum teleportation. In fact, when
Bm ≥ J , we have nonzero thermal entanglement as long as the temperature T
of the system is less than Tcritical. Therefore, the thermal concurrence (3) only
describes certain aspects of the thermal entanglement. In particular, it does not
indicate the ‘quality’ of thermal entanglement for quantum teleportation. Phys-
ically, one could understand the phenomenon by looking at the thermal density
operator (2). When Bm ≥ J , one could attribute the cause of the poor quality
of thermal entanglement to the fact that there is now a comparable or greater
proportion of separable |11〉〈11| than the maximally entangled |Ψ−〉〈Ψ−|. This
reasoning could be carried over to the case when Bm < J since (7) implies
eβJ/Z > eβBm/Z, and as long as T < T
(m)
critical we have (7).
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In conclusion, the condition (7) for the thermal quantum channel (2) to
teleport states with fidelity strictly greater than 23 is expectedly stronger than
that for thermal concurrence (3) to be nonzero. However, it does not rule out the
possibility of using thermally entangled states to teleport quantum states with
high fidelity. It would be interesting to see how the entanglement of distillation
[13] depends on the temperature T and magnetic field Bm. The entanglement
of distillation is the number of maximally entangled pairs that can be purified
from a given state. One would intuitively expect it to vary in the same fashion
as the fidelity. Unfortunately, we do not have a closed analytic expression for
the entanglement of distillation.
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4
η T
(m)
critical Cr
0.1 1.13105J 0.00161554
0.2 1.12029J 0.00654425
0.3 1.10193J 0.0150472
0.4 1.07525J 0.0276166
0.5 1.03904J 0.045085
0.6 0.991262J 0.068864
0.7 0.928278J 0.101495
0.8 0.842666J 0.148196
0.9 0.714112J 0.223103
Table I: The ‘critical’ temperature T
(m)
critical is function of both J and Bm =
ηJ, 0 < η < 1. The ‘residual’ concurrence Cr gives the amount of thermal
entanglement below which does not yield teleportation fidelity better than any
classical communication protocol.
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